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Instructor: S. Rahmatalla University of Iowa

Motion of a Point

r : position vector of P relative to origin O. Then:

v= ar : velocity of Prelative to O, and
dt
y
av . .
a=—: acceleration of Prelativeto O. P
dt (x,¥,2)
r
Straight line motion
ds dv Q
= N a=—
dt dt
4
dv (a)
a=—v
ds
If the acceleration is a function of v, use separation of variables:
d
v =a(v) = &Y _
dt a(v)
g d t
Yo 0

If the acceleration is a function of displacements, use chain rule and separation of
variables:
a(s)ds = vdv

]-a(s)a’s = VJ-va’s

So Vo
Cartesian coordinates

r=xi+y+zk
v=vi+v,j+vk

a=ai+a,j+ak
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Angular Motion

do L
0=—

dt
g-de_d% 0

dt dr’ Ly

Normal and Tangential Components

v=Le =ve
dt

a=aqae, +a.e,

/

d d6 dv v2
a—_e""v_e" a=—_e1+_e"
N

Polar Coordinates

r=re,

€
€,
V= vre, + V0e0

a= are, +a0e0
_ d’r

dr’
d’6 _drd6

ag=r +2——=ra ‘2£ (orisly A0¢* C
d? " Cdt dt a/ )

I

r

Relative Motion

ry=Tg+Iyp
V4=Vp+V,p

a,=a+a,p




Review Lecture
Instructor; S. Rahmatalla

College of Engineering
University of Iowa

2. Trajectory in gravitational field

LN

\ 4

In terms of a fixed Cartesian coordinate system with its y-axis upward:

a,=0 —> v =y co86, —>

X=X, +V,cos Oyt

. . 1
ay=-g —=> Vy=Vpsinfp-g —= y=y0+vos1n6’ot—5gt2
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Example 1 (13.81)

Knowing:

y. =102
x, =120t
v, =T0ft/s
6,=170°

Find:
By what vertical distance does the ball clear the crossbar?
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Example 2 (13.50)

Knowing:
The rocket sled starts from rest the accelerate with

a=30+2t (m/s*) until v=400m/s
Then it hits a water brake and its acceleration is

a=-0.003v> (m/s?) until its velocity decreases to

100 (m/s).
Find:
(a). Total distance the sled travel.
O ' t
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Example 3 (14.107)

Knowing:

Angular velocity (constant) = @,
Mass=m

r=ry(2—cosf)

Cém

Find:
The polar components of the total external force exerted
on the pin as a function of 4.
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Planar motion
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Kinematics of Planar Motion of Rigid Bodies

Relative Velocities
r,=rg+r,g

Vi=Vp+V

Velocity Formulae

The velooity of A i the
vector sum of theso velocities

Vi =Vy+Vys

Vip=@OXT g

A

o

()
Acceleration Formulae )
a,=ag+a,,

A5 =0XTyp +OX(OXT,5)

|

®)

(2)

The acceleration of A is the vector
sum of these three accelerations

|

0
©)

_ 2
Ap=QXTp—WTyp
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Example 4(17.91) Y ‘o
Knowing P sheetes -*lg
The 1-m diameter disk rolls, and point B of the 1-

m-long bar slides on the plane surface
VA
Find

The angular acceleration of the bar and the
acceleration of point B.
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Sliding Contact

Examples of “sliding contact”

spin :axis

rotation

“Sliding contact”: motion of an object (point) relative to a rotating rigid body.

r,=rp+xi+yj+zk

Secondary
(body-fixed)
reference frame

Primary

reference
frame

a,=ag+a, +2WxVv, +axrA,B+wx(wxrA,B)

For planar motion:
= _ 2
ay=ap+a, +2WXV, +UXI;p—0T,p
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Example 5 (17.120)

Knowing
The angular accelerations of the two bars are zero

and sleeve C slides at a constant velocity of 1 m/s
relative to bar BD.

Find
The acceleration of sleeve C.
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Newton’s Second Law

The total force on a particle is equal to the rate of change of its linear momentum, which
is the product of its mass and velocity.

Key concepts:

Y F=ma

e Cartesian coordinates
° ZFX =ma, sz =ma, ze =ma,

e Normal and tangential components

dv V2
° ZF,-mE ZFn—m;

e Polar coordinates
2

d’r dr
>F, =m(?—-rw2J Y Fy= m(ra+2zw)

11
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Kinetics of Planar Motion of Rigid Bodies

Moment-Angular-Momentum Relations

_dHd,
2Mo - dt
H,= Zr,.xm,.v,.

ZMO =%(rxmv+H)

dR,

H—ZRixmiT
dH
M=

H,=(rxmv+H)

Equations of planar motion

¢ Translation

ZF=ma

a : acceleration of the mass center

(b)
s Rotation (about a fixed axis)
M, =1Ia
a : angular acceleration of the body;
I, moment of inertia about point O.

e Rotation (around the axis passing through the
mass center

Z M=Ia
a : angular acceleration of the body;
I : moment of inertia about the mass center.

Moments of Inertia
The moment of inertia of an object about an axis L, is

I,= Irzdm

For an axis L parallel to L, , we can use the parallel-axis theorem
I,=I+d’m

12
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where m is the mass of the object and d is the distance between L and L, .

Translation

> M=0

e —————
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Example 6 (18.33)

A

Knowing
The radius of the 2kg disk is R=80mm. It is A

released from rest on the rough inclined surface.

Find
The time the disk takes to roll through one
revolution.

ZFX - max
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Example 7 (18.67)

Knowing .
The 4kg slender bar is pinned to 2kg sliders at A and B. If friction is

negligible and the system is released from rest in the position shown,

Find
The angular acceleration of the bar at that instant.
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pnpplitpliGsidipmyy

Basic Concepts " Pav+/Cle s )

e Principle of Work and Energy
r
Uyy = [ Fdr
n

1 2 1 2
U,==—myv, ——my
12 2 2 2 :

e Power
P=)Fv
Smi-im?
P = 2 2 - 12
av —
=4 L-t

e Evaluating the Work

52
U = IZF;dS'
s1
Uy, =-mg(y, —y;)  (Weight)

1 1
Uy = ngé (——-—)
n K

1 .
Uy, = —Ek(sz2 -8h (Springs)
¢ Potential Energy
dV =-) F.dr

If all the forces are conservative then:

1 2 1 2
—mv; +V, =—mv; +V
) 1 1 ) 2 2

If the object is subjected to both conservative and nonconservative forces, the
principle of work and energy can be written:

%mvl2 +V +Uj, =%mv22 +V,

V=mgy (Weight)
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y__mgR;
r

V= %kS 2 (Springs)

Relationships between Force and Potential Energy

F=_(6_Vi+a_Vj+a_Vk)=—VV
Ox Oy 0z
i j k
2% I LA ]
ox oy oz
F, F, F,

'T“\’L,( '(w o ‘[’ /B/ Can e vvat e ;1
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Work and Energy

Work and Energy (Q.3 ‘ol bodie Y )
Up,=T,-1
The kinetic energy of a rigid body in general planar motion is:
T=Lm?+l1?
2 2
where v is the magnitude of the velocity of the center of mass of the body

If a rigid body rotates about a fixed axis O, its kinetic energy can also be expressed as

|
T=—1,w
50

The work done on a rigid body by a force F is:

(rp )2
(rp )1

where r, is the position of the point of application of F.

The work done by a couple M on a rigid body in planar motion as the body rotates from 6, to 8,
in the direction of M is:

02
Uy, = [Mdé
6
The couple M is conservative if a potential energy ¥ exists such that:
MdO =-~dVv
If all forces and couples that do work on a system are conservative,

then, the sum of kinetic energy and the total potential energy is
constant,

L+V =T +V,

(@)

If a system is subjected to both conservative and nonconservative
forces, then the principle of work and energy can be written in the form

L+N+Up,=T+V,
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Power
The power transmitted to a rigid body by a force F is:

P=Fvp
where V , is the point of application of F. The power transmitted to a rigid body in planar motion
by a couple M is:

P=Mw

P _TZ_TI _ U12
av — -,
tz—tl t2 -tl

Impulse and Momentum

)

4
mAVA +mAVA = const

H=Iw

where I is the moment of inertia about its center of mass.

]

h

Hy=(rxmv)k+lIw
where r is the position of the center of mass relative
to O and v is the velocity of the center of mass

L]
(r\va‘)~k+lou+L IMpdt= (X mva) "k + [y

L

b

* —tl)ZMav =H,-H,

*, —tl)ZMOav =HOz _HO1

If the total moment due to external forces and couples about a fixed point O is zero, then

H,,+ H g =const

»w (9
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Example 8 (19.20)

Knowing
The mass of the homogenous cylindrical disk is
m=5kg and its radius is R=02m. The

angle §=15°. The disk is stationary when a
constant clockwise couple M=10N.m is applied to
it.

Find
The velocity of the center of the disk when it has
moved a distance b=0.4m.

Slo
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Example 9 (19.25)

Knowing
The two weights are released from rest. The 51b

weight slides on the horizontal surface. The moment of .
inertia of the pulley is I=0.02 slug.f?.

Find

The magnitude of the velocity of the 10lb weight when
it has fallen 2 ft,

(a) No fiction.

(b) Friction with x4, = 0.4
sl («97‘5_)
— f
/r/"‘,‘b/\//\:.'b/ lz:’ ( 5./) /' / .lZ?H}

J22

@

{

Vg = = (o))
Paplyry conterpe wf sy
TV = Te Ve = v: B56ft

I
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Impdcts

Let P be the point of impact (figure b). The normal components of the velocities at P are related

to the coefficient of restitution e by
_ (vep)x —(Vup)s
(Vap)x —(Vep):

Principle of Impulse and Momentum

2
4
t=1)) F,y =mvy—mv,

Conservation of Linear Momentum

m,v 4 +mgVg =const

Impacts
m,yv,+m
v=TaVa T8V _ ongt (e—o)
m,+mp

Central Impacts
Direct impact:

Obllquelmpact m,(v,), +mB(vB) —mA(vA) +my(vg),

A
(vA)x—(vB)x

VC/OC(({/r{/ e j(mvjewfw"ba quN are

JP—

(b)

net C\’U’“\S\\D .
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Principle of Angular Impulse and Momentum
5
[ax Y Fydt=(H,),-M,),
]
H,=rxmv

Central-Force Motion
H, = const

H, =(re, ) xm(v,e, +vye,) = mrvge,

Mass Flows
dm
F,=—-2Xy

23
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Example 10 (19.72)

Knowing
The 2kg sphere A is moving at 10m/s when it strikes the

stationary unconstrained 4kg bar. The coefficient of restitution is
e=0.1.

Find
(a) The bar angular velocity after the impact.
(b) The total kinetic energy of the sphere and bar before and
after the impact.
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